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■ Abstract. Quantization of a Lagrangian field system essentially depends on its degener- 
| acy and implies its BRST extension defined by sets of non-trivial Noether and higher-stage 

Noether identities. However, one meets a problem how to select trivial and non-trivial higher- 
stage Noether identities. We show that, under certain conditions, one can associate to a de- 
generate Lagrangian L the KT-BRST complex of fields, antifields and ghosts whose boundary 
| and coboundary operators provide all non-trivial Noether identities and gauge symmetries of 

■ L. In this case, L can be extended to a proper solution of the master equation. 
I>- ' 70S05, 70S20 
G\ ' 
O 

CN ■ 1 Introduction 

O 

The BV quantization of Lagrangian field system essentially depends on its degener- 
acy and implies its BRST extension given by the Koszul-Tate (henceforth KT) and 
p . BRST complexes 0] [5] |6j |9). These complexes are defined by sets of non-trivial 

Noether identities (henceforth NI) and higher-stage NI. Any Euler-Lagrange oper- 
ator satisfies NI which are separated into the trivial and non-trivial ones. These NI 
obey first-stage NI, which in turn are subject to the second-stage NI, and so on. One 
however meets a problem how to select trivial and non-trivial higher-stage NI. 

Note that the notion of higher-stage NI has come from that of reducible con- 
^ . straints. The KT complex of NI has been invented similarly to that of constraints un- 

der the condition that NI are locally separated into independent and dependent ones 
(Bill. This condition is relevant for constraints, defined by a finite set of functions 
which the inverse mapping theorem is applied to. However, NI unlike constraints 
are differential equations. They are given by an infinite set of functions on a Frechet 
manifold of infinite order jets where the inverse mapping theorem fails to be valid. 

We consider a generic Lagrangian theory of even and odd variables on an n- 
dimensional smooth real manifold X. It is described in terms of the Grassmann- 
graded variational bicomplex HJ [2 IU [H. Accordingly, NI are represented by one- 
cycles of a certain chain complex. Its boundaries are necessarily NI, called trivial. 
Non-trivial NI modulo the trivial ones are given by first homology of this complex. 
To describe (k+ 1) -stage NI, let us assume that non-trivial &-stage NI are gener- 
ated by a projective C°°(X)-module of finite rank and that a certain homology 
condition (Definition [[J holds [4J. In this case, (k+ 1) -stage NI are represented by 
(& + 2)-cycles of some chain complex of modules of antifields isomorphic to ^[h, 
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1 < k. Accordingly, trivial (k + l)-stage NI are defined as its boundaries. Iterating the 
arguments, we come to the exact KT complex ( fT6l ) with the boundary KT operator 
(fl4l) whose nilpotentness is equivalent to all non-trivial NI (Theorem [2]) [4]. 

The inverse second Noether theorem (Theorem [3]) that we prove associates to the 

KT complex (TT6l > the cochain sequence (1201 the (AT*X)-duals of the modules % k \ 
whose elements are called ghosts. Components of its ascent operator (|2TI) . called 
the gauge operator, are gauge and higher-stage gauge symmetries of an original La- 
grangian L. The gauge operator need not be nilpotent. We show that, if it admits a 
nilpotent extension (|4~TI ). an original Lagrangian L is extended to a proper solution 
of the master equation (l36l ). which the BV quantization starts with. In this case, the 
KT complex (fT6l ) and the cochain sequence (1201 ) are combined into the KT-BRST 
complex which is a desired BRST extension of an original Lagrangian field theory. 

2 Lagrangian theory of even and odd fields 

Let us consider a composite bundle F — ► Y — > X where F — ► Y is a vector bundle 
provided with bundle coordinates (x^ ,y\q a ). Jet manifolds J r F of F — > X are also 
vector bundles J r F — > J r Y coordinated by (x ,y l A ,q A ), < |A| < r, with respect to 
linear frames {e^}, where A = {X\...Xk), |A| = k, denote symmetric multi-indices. 
Let (J r Y,s>/ r ) be a graded manifold whose body is J r Y and whose C°°(7 r F)-ring of 
graded functions s£ r is generated by sections of the dual (J r F)* of J r F —>■ J r Y, i.e, 
it is locally generated by the coframes {c A } dual of the frames {e^ }. Let 5?*[F\Y] 
be the differential graded algebra (henceforth DGA) of graded differential forms on 
the graded manifold (J r Y, srf r ). There is the inverse system of jet manifolds J'~ l Y <— 
J r Y . Its projective limit is a Frechet manifold coordinated by (x^ ,y l A ), < |A[. This 
inverse system yields the direct system of DGAs 

y*[F;Y] — >^[F;Y] — ► • ■■y*[F;Y] — >■■■. 

Its direct limit y*[F;Y] is the DGA of all graded differential forms on graded mani- 
folds (J r Y, £f r ). It contains the subalgebra £?*F of all exterior forms on jet manifolds 
J'Y. It is an ^£F-algebra locally generated by elements (c A ,dx^ ,dy' A ,dc A ), < |A[. 
The collective symbol (s^) further stands for the tuple (y',c a ), called a local basis for 
the DGA y*[F;Y]. Let [A] = [/] denote the Grassmann parity. 

With this notation, a graded derivation of the IR-ring y2[F',Y] takes the form 

* = + I K3a, d£(4) = d£\d4 = 8!8£. (i) 

0<|A| 

It yields the Lie derivative L$(j) = -&\d<j) of the DGA S"* [F;Y]. In partic- 

ular, the total derivatives are defined as the derivations 

di = d x + £ 4,+A d A, d K =dx l -- d% v A+A= (AAi.-.Ajt). 

0<|A| 
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The DGA J^[F;F] is split into the Grassmann-graded variational bicomplex 
of modules y^ r [F;Y] of r-horizontal and ^-contact graded forms locally generated 
by one-forms dx x and 6 A = ds^ — s^ +A dx x H] [3l 111 HO- It contains the variational 
subcomplex 

_ R^y°[F;Y] ^y^ x [F;Y] ■ ■ ■ [F;Y]^ [F;Y], (2) 

where = dx x ALj A (0) is the total differential and 8 is the variational operator. 

Lagrangians and Euler-Lagrange operators are defined as its even elements 

L = 5?d n xeS^' n [F;Y], 

8L = 6 A Ag A d n x = £ (-1)I A I0 A A d A (d^)d n x, (3) 

0<|A| 

The relevant cohomology of the variational bicomplex has been obtained ll8l[TTI. 
In particular, any variationally trivial (5-closed) odd density L € J^2 ,n [F',Y] is du- 
exact, and the form dL — 8L is <i//-exact for any density L € J^2 ,n [F;Y]. 

A graded derivation ([TJ is called a variational symmetry of a Lagrangian L if 
the Lie derivative L#L is d#-exact. We restrict our consideration to vertical contact 
graded derivations # vanishing on C°°{X) C y®[F;Y] and preserving the ideal of 
contact forms of the DGA «5^*[F;F]. Such a derivation is the jet prolongation 

$ = v A d A + £ d A v A d£ (4) 

0<|A| 

of its restriction v = v A d A to the ring e ^[F;F]. It obeys the relations #J<i#0 = 
—cIh(&\4>), € y*[F;Y]. In particular, we have 

L#L=v\SL + d H G = v A £ A d"x + d H (? (5) 

for any Lagrangian L. It follows that # (HJ) is a variational symmetry of L iff the form 
v\ 8L is dfi -exact. A graded derivation # (0]) is called nilpotent if L^(L^0) = for 
any horizontal form (j) G y2'*[F',Y]. It is nilpotent only if it is odd and iff = 0. 

For the sake of simplicity, the common symbol v further stands for the graded 
derivation # (@]), its summand v, and the Lie derivative L#. We agree to call v the 

graded derivation of the DGA J^[F;F]. Its right graded derivations v = d A v A are 

also considered. One associates to any right graded derivation v = d A v A the left one 

v i = (-l)[#]^a A) V l (f) = / G ^[F;7]. 

3 KT complex of Noether identities 

Let us start with the following notation. Given a vector bundle E — > X, we call 

n 

E = E* <g> AT*X the density-dual of F. The density dual of a graded vector bundle 
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E = E° (BE 1 is E = E l (B~E°. Given a graded vector bundle E = E° (BE 1 over Y, we 
consider the composite bundle E -> E° ^X and denote ^[E;Y] = y*[E;E°]. 

Given a Lagrangian theory (y*[F;Y],L), its Euler-Lagrange operator 8L (0) 
obeys NI defined by linear differential operators on the [F;F] -module y^"[F;Y] 
whose kernels contain 8L. To describe these NI let us consider the density-dual 

VF = V*F <g> f A T*X of the vertical tangent bundle VF -> F. We assume that F —>Y 
is a trivial vector bundle. In this case, 

VF = (F®V*Y®AT*X)®F 

is a graded vector bundle over Y. Let us enlarge y*[F;Y] to the DGA ^*[VF;7] 
with a local basis (s 4 ,^), [3^] = ([A] + l)mod2. Its elements are called antifields 
of antifield number Ant[J A ] = 1. The DGA ^^[VF;Y] is endowed with the nilpotent 

right graded derivation 8 =d A <Ci- Then we have the chain complex 

O^lmSJ-^n^.Y^J-^^Yh (6) 

of graded densities of antifield number < 2. Its one-chains are linear differential 
operators on y^ n [F;Y], and its one-cycles define the NI 

5<D = 0, <D = £ G t^ 7 ; y] i , (7) 

0<|A| 

£ <$A> K d K g A d n x = 0. (8) 

0<|A| 

Conversely, all NI ([8]> come from the cycles (0. In particular, one-chains <I> € 
]yf- y] j ^ necessarily NI if they are boundaries. Therefore, these NI are called 
trivial. Accordingly, non-trivial NI modulo the trivial ones correspond to elements of 
the first homology H\ (8) of the complex © [4]. A Lagrangian L is called degenerate 
if there are non-trivial NI. 

Non-trivial NI obey first-stage NI. To describe them, let us assume that the mod- 
ule Hi(S) is finitely generated. Namely, there exists a projective C°°(X) -module 
^(0) C Hi(8) of finite rank possessing a local basis {A r } such that any element 
3> e#i(5) factorizes 

*= J^dkA/x, A r = £ A^aa, G^,A^ A G^°[F;F], (9) 

0<|E| 0<|A| 

via elements of ^(o) . Thus, all non-trivial NI ([U) result from the NI 

8A r = £ A?' A d A £ A = 0. (10) 

0<|A| 
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By virtue of the Serre-Swan theorem, the module ^/ ) is isomorphic to a module 
of sections of the density-dual Eq of some graded vector bundle E — > X. Let us 
enlarge ^[VF;Y] to the DGA^1{0} = ^* [VF® ¥ E ;Y] possessing a local basis 
(^jSAjCr) of Grassmann parity [c r ] = ([A r ] + l)mod2 and antifield number Ant[c,] = 

2. This DGA is provided with the odd right graded derivation do = 8+ d r A r which 
is nilpotent iff the NI (IT0T > hold. Then we have the chain complex 

^im5^-^' I [FF;F] 1 ^^"{0} 2 ^^;' I {0}3 (11) 

of graded densities of antifield number < 3. It possesses trivial homology Hq(5q) and 
Hi (do)- Its two-cycles define the first-stage NI 

5o0 = O, & = G + H= £ G'' A c Ar d"x + £ H^ (B ^s AA s ZB d"x, 

0<|A| 0<|A|,|E| 

£ G rA d A A r d"x=-8H. (12) 

0<|A| 

However, the converse need not be true. One can show that NI (PT2l are cycles iff any 
5-cycle<I>G ^£'"[FF;7]2 is a 5o-boundary @J. In particular, a cycle <t> is a boundary 
if its summand G is 5-exact. Any boundary <I> € ^S{0}2 necessarily defines first- 
stage NI (fT2l) . called trivial. Accordingly, non-trivial first-stage NI modulo the trivial 
ones are identified to elements of the second homology /^(^o) of the complex (fTTT ). 
Note that this definition is independent on specification of a generating module ffioy 
Given a different one, there exists a chain isomorphism between the corresponding 
complexes (TTTb . 

A degenerate Lagrangian is called reducible if there are non-trivial first-stage 
NI. These obey second-stage NI, and so on. Iterating the arguments, we say that a 
degenerate Lagrangian is Af-stage reducible if the following hold |4). 

(i) There are graded vector bundles Eq,...,En over X, and the DGA ^Z[VF;Y] 
is enlarged to the DGA 

Wl{N} = ^t^F®E ®---®E N ;Y] (13) 

Y Y Y 

with a local basis (s A ,SA,c r ,c ri ,c rN ) of antifield number Ant[c,J =k + 2. 

(ii) The DGA ( fT3l ) is provided with the nilpotent right graded derivation 

frr=aV A +£ d r Af A SAA+ £ d rk A rv (14) 

0<|A| l<k<N 

Aa= I K k k - lA c Ark _ 1 + £ (^ W V,i& + ...) I (15) 

0<|A| 0<|£|,|S| 

of antifield number -1, where the index k = — 1 stands for sa- 
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(iii) The module &S{N}<n+3 of densities of antifield number < (N + 3) is split 
into the exact KT chain complex 

<_ im § X [FF; Y] x ^"{0} 2 3- 1} 3 • ■ ■ (16) 
S ^^f { N-l} N+l ^^S{N} N+2 ^0pf{N} N+3 

which satisfies the following homology condition. 

DEFINITION 1. One says that the homology regularity condition holds if any dk<N~ 
cycle G £PJ,"{k}k+3 C &'J l {k + l}/t+3 is a 8k+\-boundary. 

THEOREM 2. Given an N -reducible Lagrangian, the nilpotentness b\ T = of the 
KT operator rti4D is equivalent to the non-trivial NI rtiOD and (k < N)-stage NI 

1^4(1^,) = ^ I ^- 2X)(A ' S W^a). (17) 

0<|A| 0<|E| 0<|E|,|S| 



4 Inverse second Noether theorem 

A gauge symmetry of a Lagrangian L is defined as a linear differential operator on 
some projective C°°(X) -module of finite rank with values in the module of variational 
symmetries of L. It can be described as follows (HO. Let Eq — > X be a graded vector 
bundle. Let us enlarge the DGA J^[F;F] to the DGA [F 0y E ;Y] possessing 
a local basis (s A ,c r ) whose elements are called ghosts. A gauge symmetry of L is 
an odd vertical contact graded derivation u of ^ 2 £[F ®yEq\Y] which is a variational 
symmetry of L. Any Lagrangian admits gauge symmetries. Let un\ be a differential 
operator on some projective C°°(X)-module of finite rank such that uoun\ is 5-exact. 
It is called the first-stage gauge symmetry, and so on. 

Different variants of the second Noether theorem relate reducible NI and gauge 
symmetries fflHElED. Given the DGA ~W*„{N} (Q3), let us consider the DGA 

&>t s {N} = 0>i[F®E Q ®---®E N ;Y], (18) 

Y Y Y 

possessing a local basis (s A , c r ,c n ,c rN ), [c r *] = {[c rk ] + l)mod2, and the DGA 

P*{N} = &>Z\yF®E Q ®---®E N ®E ®---®E N ;Y] (19) 

Y Y Y Y Y 

with a local basis (s A ,s A ,c r ,c r[ , . . . ,c rN ,c r ,c ri , . . . ,c rN ). Their elements c n are called 
ghosts of ghost number gh[c r *] =k+l and antifield number Ant[c r *] = — (k + 1). 
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The DGAs &>t{N} CCD and ^*{A/} (Q8) are subalgebras of P*{A/} (QU). The KT 
operator 8kt CH> is naturally extended to a graded derivation of the DGA PZ{N}. 

THEOREM 3. Given the KT complex ([76]), the module of graded densities &^ n {N} 
is split into the cochain sequence 

-> [F; F] } 1 ^ } 2 ^> • • • , (20) 

Be = II + B(1) + ... + „ w=B A_ + ^_ + ... + I< ^-i___ j (21) 

graded in the ghost number, where u ( 1291) ana* km rtJil ), & = 1, . . . ,A r , are the gauge 
and higher-stage gauge symmetries of an original Lagrangian L. 

Proof. Note that any tuple (f',f A ), |A[ < k, of local graded functions f',f A € 
[F'>Y] obeys the relations 

£ f A d A fd"x= £ (-l)l A ^ A (/ A )/^x+a#<7, (22) 

0<|A|<t 0<jA|<yfe 

£ (-l)l A lrf A (/ A 0)= £ T](/) A J A f (23) 

0<|A|<jfc 0<|A|<yt 

r](/) A = I H^^aTT^/^ (^^)(/) A = / A (24) 
0<|Z|<fc-|A| H-K v l- 

Let us extend an original Lagrangian L to the Lagrangian 

L e = L + L 1= L+ £ c n A n d"x = L + 8 KT ( £ c rk c rk d n x) (25) 

<)<*<# 0<£<jV 

of zero antifield number. It is readily observed that the KT operator 8kt is a varia- 
tional symmetry of L e . It follows that 

[4^& + £ ^& rk ]d n x=[o A £ A + £ v r ^]d"x = d H a, (26) 

0</t<W ° C >k 0<k<N ° C 

v A = ^ = u A +w A = £ c a t7(a?) a + £ £ ^n(a A (^)) A , 

°' ?A 0<|A| l<i<AT0<|A| 



5 , 
— U k 



ULr k 0<|A| fc+l<KiV0<|A| 



The equality (1261 ) falls into the set of equalities 

8 K) = u Ag Ad n x = d H a Q , (27) 

£ ^^l A ,K I x = ^a,, *=l,...,tf. (28) 
° SA o<i<k dc n 
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By virtue of the equality (|27T ) and the formula ([5]), the graded derivation 

m = m a^_ ^= £ C ^T7(A^) A , (29) 

OS 0<|A| 

of ^°{0} is a variational and, consequently, gauge symmetry of a Lagrangian L 
E |H. Every equality (128T ) falls into a set of equalities graded by the polynomial 
degree in antifields. Let us consider the equality, linear in antinelds c,- k 2 . We have 



Ssa o<|e|,| 



uc n-i o<|£| o<| 



This equality is brought into the form 

[£(-lf\ dz{c n £ ^- 2) E)(A )S )_ & ^ KA + Mr ,_ 1 ^ A ^2,s ek|i _ a] ^ = <fe<yjt . 
0<|S| 0<|E| Q<|S| 



Using the relation (I22|) . we obtain the equality 

0<|S| 0<|E| 0<|S| 

The variational derivative of both its sides with respect to c rk2 leads to the relation 
£ d L u r ^ -^-^ = 8(a r "), (30) 

0<|X| dc L 

<x n - 2 = - £ r](^- 2)(A ' S) )^(^^). 

0<|E| 

This is the /c-stage gauge symmetry condition [3]. Thus, the odd graded derivations 
d 



£ c2t7(a;:*-') a , fe = i,...,AT, (3i) 



0< A 



are &-stage gauge symmetries. Graded derivations u (1291 , «m (DTI ) form the ascent 
gauge operator (1251 of ghost number 1. It provides the cochain sequence (l20l . 

Following the proof of Theorem [3l one can show that any C°°{X) -module of NI 
yields a gauge symmetry of a Lagrangian. Since the gauge operator d2TT> need not 
be nilpotent, the direct second Noether theorem can not be formulated in homology 
terms. Therefore, gauge and higher-stage gauge symmetries are said to be non-trivial 
if they are associated to non-trivial NI and higher-stage NI, respectively. 



8 



With the gauge operator (12Tb . the extended Lagrangian L e (1251) takes the form 

L e = L + u e ( c rk - i c rk _ l )d n x + L\ + d H o, (32) 

0<k<N 

where L\ is a term of polynomial degree in antifields exceeding 1. 
5 KT-BRST complex 

The DGA P*{N} COD exemplifies a field-antifield theory of the following type fflUl- 
Let Z' — > Z — > X be a composite bundle where Z' — ► Z is a trivial vector bundle. Let us 
consider the DGA ^* [VZ^Z] with a local basis (z fl ,z a ), where [zj = ([z fl ] + l)mod2. 
Its elements z a and z a are called fields and antifields, respectively. Densities of this 
DGA are endowed with the antibracket 

{L^,L'^} = [|^^ + (-l) [L ' ](M+1) |^^]^. 03) 

OZ a OZ a OZ a OZ a 

Furthermore, one associates to any Lagrangian hd n x the odd graded derivations 

Ul =^=JNf< ^"«=l;f?' <34) 

*-* + ,4 = <-i>^<g£ + ££). 

•& L (Vd n x) = {Ld n x,L'd n x}. 



THEOREM 4. The following conditions are equivalent. ( i) The antibracket of a 
Lagrangian L,d n x is du-exact, i.e., 

{Ld n x,Ld n x} = 2|^-pVx = d H o. (36) 

OZa OZ a 

( ii) The graded derivation V A34i is a variational symmetry of a Lagrangian hd n x. 
(Hi) The graded derivation v 04\) is a variational symmetry of~Ld n x. (iv) The graded 
derivation #l (G3 is nilpotent. 

Proof. By virtue of the formula ([5]), conditions (ii) and (iii) are equivalent to condition 
(i). The equality (l36l ) is equivalent to that the odd density £ >a £ , a d n x is variationally 
trivial. Replacing right variational derivatives <g a with (— \)^ +l t§ a , we obtain 

2Y J (-Xpg a g a d n x = d H c. 

a 
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The variational operator acting on this relation results in the equalities 

£ (-l) [al+|A| rf A (#(« a ))= £ (-l) [a] [7](d h n A ^Aa + V(d b ^) A ^)]=0, 
0<|A| 0<|A| 

£ (-i)W+i A i^ A (a Ai (« a ))= £ (-i)[ fl i[T](^) A ^ Afl + T](^)^] = o. 

0<|A| 0<|A| 

Due to the identity (8 o 8)(L) = 0, T](5 B( f A ) A = (-l)WMaf S n , we obtain 

£ (-i)[ fl ][(-i)[ fc ]([ fl ] +1 )a Afl ^ Afl + (-i)[ <, ]["]aA^] =o, 

0<|A| 

£ (_ 1 )W + l[(_l)(W + l)(W + l) 5 A^^ Afl + (_l)(W+l)W 5 A^] =0 , 

0<|A| 

for all £\j and <# fo . This is exactly condition (iv). 

The equality (l36l > is called the master equation. For instance, any variationally 
trivial Lagrangian satisfies the master equation. 

Being an element of the DGA P^,{N} (fl9l ). an original Lagrangian L obeys the 
master equation (l36l ) and yields the graded derivations x>l = 0, T>l = 8 d34l) . The 
graded derivations (l34l) associated to the Lagrangian L e (|25T ) are extensions 

of the gauge and KT operators, respectively. However, L e need not satisfy the master 
equation. Therefore, let us consider its extension 

L E =L e + L' = L + L 1 +L 2 + --- (37) 

by means of even densities L,, i > 2, of zero antifield number and polynomial degree 
i in ghosts. The corresponding graded derivations (l34l > read 

Ve = v + + y (38 ) 

£ e 8s A ds* Q J^ N 8c n dc r « ' 

v =v +^-—+ y d 82" 

E e ds A 8s* Q J^ N dc rk 8c r " ' 

A Lagrangian Le (I37T ) where L + L\ = L e is called a proper extension of an original 
Lagrangian L. The following is a corollary of Theorem H] 



COROLLARY 5. A Lagrangian L is extended to a proper solution Le (EZP of the 
master equation only if the gauge operator u e d2QD admits a nilpotent extension. 
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By virtue of condition (iv) of Theorem|4j this nilpotent extension is the derivation 
= V E + v E ((35]>, called the KT-BRST operator. With this operator, the module of 
densities F®> n {N} is split into the KT-BRST complex 

• • • - P^ n {N} 2 - P°' n {#}i - P%"{N}o - ^'"M 1 - P°'"M 2 - • • ' ■ (40) 

Putting all ghosts zero, we obtain a cochain morphism of this complex onto the KT 
complex, extended to £PJ, {N} and reversed into the cochain one. Letting all anti- 
fields zero, we come to a cochain morphism of the KT-BRST complex (l40l onto the 
cochain sequence (1201 . where the gauge operator is extended to the antifield-free part 
of the KT-BRST operator. 

THEOREM 6. If the gauge operator u e < \20i can be extended to a nilpotent graded 
derivation 

u E = u e + ^=u A d A + £ {u r ^+^)d rk _ { +^d rN (41) 

of ghost number I by means of antifield-free terms of higher polynomial degree in 
ghosts, then the master equation has a proper solution 

L E = L e + £ % rk - [ c rk _ l d n x = L + u E ( £ c rk - [ c rk _ l )d n x + d H o. (42) 

l<k<N 0<k<N 

Proof. It is easily justified that, if the graded derivation u E (flTI ) is nilpotent, then the 
right hand sides of the equalities (l30l ) equal zero. Using the relations (|22l - (|24l . 
one can show that, in this case, the right hand sides of the higher-stage NI (fTTT ) also 
equal zero [3). It follows that the summand G n of each cocycle A n (fT3T > is 5yt i - 
closed. Then its summand h n is also 8u-\ -closed and, consequently, St-2 -closed. 
Hence it is 5^-1 -exact by virtue of the homology regularity condition. Therefore, 
A n contains only the term G, k linear in antifields. It follows that the Lagrangian L e 
(|25T > and, consequently, the Lagrangian L E (1421 are affine in antifields. In this case, 

we have u A = 8 A (^e), u n = 8 rk {^e) for all indices A and r^ and, consequently, 

u E = 8 A (^e), u e = 8 rk {%?E), i-e., u E = V E is the graded derivation ([38]> defined 

by the Lagrangian Le- Its nilpotency condition takes the form ue{8 A {^e)) = 0, 

ue{8 ri {^E)) = 0. Hence, we obtain 

u E {se E ) = u E {8 A (j% )! A + 8 n {se E )c n ) = 0, 

i.e., ue is a variational symmetry of Le- Consequently, Le obeys the master equation. 

COROLLARY 7. The gauge operator rt20D admits the nilpotent extension rt4il ) only if 
gauge symmetry conditions riJOl ) and the higher-stage NI ri/71 ) are satisfied off-shell. 
In this case, the Lagrangian L e \25\ is affine in antifields. 
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The nilpotent extension (|4TI ) of the gauge operator is called the BRST operator. 
It brings the cochain sequence d20l ) into the BRST complex. 

By virtue of Corollary |7J the gauge operator u e is extended to the BRST operator 
only if gauge symmetry conditions hold off-shell, i.e., u e {u e ) = u{u e ). Let us consider 
a particular case when higher-stage gauge symmetries «m (|3TT > are independent of 
original fields s A , i.e., u e {u e ) = u(u). In this case, the BRST operator ue (|4TT > reads 

u E = u e + t;=u e + t; r d r , ( M + ^)( M A )=0, (u+^ r ) = 0, u {l) (£ r ) =0. (43) 

For instance, irreducible theories and Abelian reducible theories, where u(u) = 0, 
are of this type. One can think of the first and second conditions (l43l) as being the 
generalized commutation relations and the Jacobi identity, respectively [3]. It follows 
from the second one that t, is quadratic in ghosts. Moreover, if a gauge symmetry u 
is polynomial in fields, then it is necessarily affine, and i§ is independent of original 
fields. In Abelian reducible theories, the gauge operator u e itself is nilpotent. The 
corresponding proper solution (l42l) of the master equation reads 

L E = L + 8 KT ( £ c rk c rk d n x)=L + u e { £ c n - l c rt _ l )d n x + d H o. (44) 

0<k<N 0<k<N 

6 Examples 

1) Yang-Mills gauge theory exemplifies an irreducible degenerate Lagrangian the- 
ory where ue d4TT > is the familiar BRST operator J9). Let us consider Yang-Mills 
supergauge theory where gauge symmetries form a finite -dimensional Lie superal- 
gebra over C°°(X). Let <S = & Q ® C S X be a real Lie superalgebra with a basis {e r }, 
r= 1, . . . ,m, and real structure constants c\y We denote [e r ] = [r]. Given the envelop- 
ing algebra 5f of 5f , let us assume that there is an invariant even element Weiej of 
such that the matrix h'-i is non-degenerate. The gauge theory of & on X = W is 
described by the DGA y*[F;Y] where 

F = {X x <S) <g) T*X -> (X x Sf°) ® T*X -,X. 

Its basis is {a\), [a r A = [r]. The Yang-Mills Lagrangian reads 

L YM = ^h ij r 1 ^r 1 P v ^^/ lv d n x, ^ = - a^ + c^aj,. 
Its Euler-Lagrange operator obeys the irreducible NI 

c r jia \4+d x gf = 0, 

Therefore, we enlarge y*[F;Y] to the DGA 

P*{0} = ^*^F®Eq®E ;Y], E =Xx%, 
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whose basis (a r x ,c r ,c r ), [c r ] = ([r] + l)mod2, [a^] = \c r ] = [r], contains ghosts 
c r of ghost number 1 and antifields a\, c r of antifield numbers 1 and 2, respectively. 
Then the gauge operator u e (l20l > and the Lagrangian L e (T25T ) read 

. . d _ x 

u e = (-c r j j c J a\+c r x )^- T , L e = L YM + {-c^c 3 a\+ c x )a r d n x. 

The gauge operator u e admits the BRST extension 

u E = u e + % = {-c r n cU\ +4)^7- - ^(-l)Mc[/V — . 

Then the proper solution (l42l of the master equation takes the form 

L E = L YM + {-c r ijc j a\ + c{)a^ d n x - ^(-l^c-jc' c j c r d n x. 

2) In contrast with Yang-Mills gauge theory, gauge symmetries of gravitation 
theory fail to form a finite-dimensional Lie algebra. Gravitation theory can be formu- 
lated as gauge theory on natural bundles over a four-dimensional manifold X. These 
bundles admit the functorial lift z of any vector field z on X such that T i — > T is a Lie al- 
gebra monomorphism. This lift is an infinitesimal generator of a local one-parameter 
group of general covariant transformations. Dynamic variables of gauge gravitation 
theory are linear connections and pseudo-Riemannian metrics on X. The first ones 
are principal connections on the linear frame bundle LX of X. They are represented 
by sections of the bundle Ck = J LX / 'GL(4 ,R) . Pseudo-Riemannian metrics on X 
are sections of the quotient bundle £ = LX/0(1,3). The total configuration space of 
gravitation theory £ x Ck, coordinated by (xr ,a a ^ ,k^ a p), admits the functorial lift 

+ (d v z a k/p-d p z v k,\-d,z v k v %+d, p z a ) 7 -^ r 

of vector fields z on X iflOl . Let a gravitation Lagrangian Lma on the jet manifold 
J 1 (E x Ck) be invariant under general covariant transformations. Then the variational 
derivatives $ a p, a ^ of this Lagrangian obey the irreducible NI 

-{of +2of8Z)£ af} -2a^d v ^ + {-h^p-ky/pS^+kp^x 

+k,x a p)^J + (-*mVa +k ll a x8 v p +k x a p8;)d v ^J = 0. 

Taking the vertical part of vector fields z and replacing gauge parameters z^ with 
ghosts cr, we obtain the gauge operator u e and its nilpotent BRST prolongation 

(c$v/> -* a v -s^)* + c y^. 
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Accordingly, an original gravitation Lagrangian Lma is extended to a proper solution 

L E = L MA + (e vp c% + o av 4 - c x of )<J a pd n x + 

(cJVp - cJV'v- c £*v a p +cfo -ch^^J^x + cyc^x 

of the master equation where o a p, k a ^ an d cx are the corresponding antifields. 

3) Topological BF theory exemplifies an Abelian reducible degenerate Lagran- 
gian theory which satisfies the homology regularity condition [2] @J. Its dynamic 

variables are exterior forms A and B of form degree |A| + \B\ = n — 1 on a manifold 

p i 

X. They are sections of the bundle Y = AT*X@ AT*X, p + q = n — 1, coordinated 
by (jc ,A jUl ...ji ,B V} ,., v ). Without a loss of generality, let g be even and q > p. The 
corresponding DGA is ^F. There are the canonical p- and g-forms 

A = — A Ml ... Mp rfx w A • • -Adx^, B = —^B Vp+l ... Vq dx v " +i A ■ ■ -Adx v " 
p. q. 

on Y. A Lagrangian Lbf = A A leads to Euler-Lagrange equations d^A = 0, 
dftB = obeying NI dndnA = 0, duduB = 0. Given the vector bundles 

E k = P ~!\ l T*Xx q ~A i T*X, 0<k<p-\, E p -i=Rx 9 A P T*X, 
x x 

q-k-\ 

E k = A T*X, p-l<k<q-l, £ r i=XxI, 
let us consider the DGA P^{q — 1} with a local basis 

V^Hi...H P jBv p+1 ...v 9 ,£n2-Hpi ■ • ■ > e jv e ' l 5Vp+2-v,,> • •• )^v ? ;S) 



Then the gauge operator u e (EOt reads 



« e — <V,£^ 2 ...^„ +d Vp+l i; Vp+2 ...v q -> 



This operator is obviously nilpotent and, thus, is the BRST operator. Consequently, 
the proper extension of the Lagrangian Lbf takes the form (|44l : 



L E = L BF + M2 "' Mp + e^.^e^" * + ■■■ + ed^"]d n x + 

[^v, )+ ,..v/v p+1 A v ' ,+lVp+2 - v ' + ^ p+3 ... v / V;)+2 ^- v —-^ + • • • + $d Vq e v <>]d»x. 
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